Abstract. Using the concept of w-distance, we prove fixed point theorems for multivalued contractive maps. Consequently, we improve and extend the corresponding fixed point results due to Feng and Liu, Nadler and many of others.
Introduction
Investigations on the existence of fixed points of multi-valued contraction maps in the setting of metric spaces were initiated by Nadler [8] . Using the concept of Hausdorff metric, he proved a multivalued version of the well known Banach contraction principle. Since then, many authors have been using the Hausdorff metric to obtain fixed point results for multivalued maps. For example, see [1, 6, 7, 9] , and references therein. In fact, without using the Hausdorff metric, the existence part can be proved under much less stringent conditions. For example, without using the Hausdorff metric, Husain and Latif [3] have prove fixed point result for multivalued contractive type maps with values not necessarily bounded subsets of a complete metric space. Most recently, Feng and Liu [2] proved a fixed point result for multivalued contractive maps without using the concept of the Hausdorff metric and extended the Nadler's fixed point result.
On the other hand, in [4], Kada et al. have introduced a notion of w-distance on a metric space and improved several results replacing the involved metric by a generalized distance. Recently, Suzuki and Takahashi [11] introduced notions of single-valued and multivalued weakly contractive maps with respect to w-distance and proved fixed point results for such maps. Recent fixed point results concerning w-distance can be found in [5, 10, 12, 13, 15] .
In this paper, using the concept of w-distance, we first prove useful lemma in metric spaces for weakly contractive maps. Then using this lemma we prove fixed point results on complete metric spaces, improving the corresponding fixed point results due to Feng and Liu [2] , Nadler [8] and many others. The method used in the proofs of our results is inspired by Suzuki and Takahashi [11] and Feng and Liu [2] ideas.
Preliminaries
Throughout this paper, X is a metric space with metric d. Let 2 X denote a collection of all nonempty subsets of X, Cl(X) a collection of all nonempty closed subsets of X, CB(X) a collection of all nonempty closed bounded subsets of X and H the Hausdorff metric on CB(X), i.e.,
An element x € -X" is said to be a fixed point of a multivalued map
T(x). A multivalued map T : X CB(X) is said to be a contraction if for a fixed constant h G (0,1) and for each x, y € X, H(T(x),T(y))<hd(x,y).
A map / : X -> R is called lower semi-continuous if for any sequence {x n } C X with x n -> x 6 X imply that f(x) < limm/ n _ >00 /(x n ). Now, we state Nadler's fixed point result, which is also extended by Feng and Liu [2, Theorem 3.1].
THEOREM 2.1 ([8]). Let X be a complete metric space and let T : X -> CB(X) be a contraction map. Then T has a fixed point.
Recently, Kada et al. [4] introduced a concept of w-distance as follows: A function ui : X x X -> [0, oo) is called w-distance on X if it satisfies the following for any x, y, z € X: The metric d is a w-distance on X. Many other examples of u>-distance are given in [4, 11, 13, 14] .
The following lemma concerning wj-distance is fundamental. (ii) for x G X, define a set C X as
J? = {ye T(x) : bu(x, y) < u(x, T(x)), b G (0,1).
(iii) A map T is weakly contractive if there exist a ^-distance w on X and a constant h € (0,1) such that for any x G X there is y G satisfying
u>(y,T(y)) < hu(x,y), h<b.
In particular, if we take ui = d ,then we obtain = and T is contractive [2].
The results
First, we prove our basic lemma which is useful in proving fixed point theorems. Since bu>(xn,xn+i) < u(xn, T(xn)) and h < b < 1, thus we get 1, T{xn+1)) < u(xn, T(xn)).
Put a = %, then 0 < a < 1 and we have w(xn+i, T(xn+1)) < aco(xn, T(xn)).
Thus, we can obtain that uj(x n , T(x n )) < a n u{x 0 , T(x0)), n = 0,1,2,... and hence the sequence {f{x n } = {u(x n ,T(x n )}, which is decreasing, converges to 0. Now, we show that {x n } is a Cauchy sequence. Note that u(x n , x n+ i) < a n u(x 0 , xi), n = 0,1,2,... Now, for any n, m € N, m> n,
u(x 0 ,Xl). 1 -a and thus by Lemma 2.2, {x n } is a Cauchy sequence. 
m->oo 1 -a
Now, applying Lemma 3.1, we prove fixed point results. Proof. It follows from Lemma 3.1 that there exists a Cauchy sequence {xn} in X such that the decreasing sequence {f(x n )} = {u>(x n , T(x n ))} converges to 0. Due to the completeness of X, there exists some vo G X such that lim x n = v Q . Now, since / is lower semicontinuous, we have n-+tx> Now, we prove a fixed point result, where the conditions of Theorem 3.3 concerning the lower semi-continuity of the function / and UI(Vo, VQ) = 0 are dispensable with somewhat natural condition. 
